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¥! Introduction 
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Ð!Materials 
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Introduction Ð Only some errors scale with grid size. 
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¥!Errors ordered in discretization measures 
¥!Errors ordered in some physical parameter 
¥! Iterative errors 
¥!Round-off errors 
¥!Programming mistakes 

Convergence analysis presumes that discretization error is dominant. This 
is not always true. 
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Introduction Ð 2 nd-order codes have multiple scalings  
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¥!For spatial convergence with a 2 nd-order code, the discretization error 
will be: 
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The overall order of the discretization error depends on these coefficients, 
which depend on the particulars of the algorithm. 
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Introduction Ð Computing Convergence Rates 
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¥!For each code response of 
interest f, compute ?�n for each 
computational grid n (we use L1 
norm by convention) 

¥!Create vectors of ?� and h and 
solve for A and p (which is the 
observed convergence rate).  

¥!We solve for these parameters 
using linear regression in log 
space 
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The observed order of accuracy (convergence rate) is given by p. 
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Introduction Ð Convergence Plots 
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¥! Identification of the 
asymptotic region is 
important to understand 
error behavior of the 
algorithm as implemented 

¥! Most verification test 
problems are scale 
invariant, so donÕt 
attribute meaning to the 
absolute magnitude of the 
zone size 

¥! Recall verification criteria: 
¥! Level 3: Quantify error? 
¥! Level 4: Converges? 
¥! Level 5: Conv. rate?  

Convergence rate 

Asymptotic region 
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Introduction Ð What are we looking for? 
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¥!WeÕre looking for code verification 
Ð!We want to look for potential programming mistakes, as well as characterize 

algorithm behaviors. 
Ð!Our main tool is convergence analysis, and we expect 2nd, 1st, or 2/3-order 

convergence, depending on the problem. 

Ð!If results show convergence at a different order, then this is still good, but it invites 
further investigation. 

Ð!Convergence for Lagrangian codes is less well-understood, so we must exercise 
more judgment when interpreting results for FLAG. 

¥!WeÕre also looking at some specific things: 
Ð!How does the new, unsplit hydro in xRage compare with existing algorithms? 
Ð!How do different viscosity models affect results in FLAG? 
Ð!How does ALE affect FLAG results? 
Ð!What can we say about multi-physics models? 
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Hydrodynamics 
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¥!xRage 
Ð!Establishing baseline convergence 
Ð!First steps with unsplit hydro 
Ð!Looking for asymmetries  
Ð!Improvements in grid imprinting 

¥!FLAG: Comparing code options 
Ð!Establishing baseline convergence 
Ð!Examining artificial viscosity models 
Ð!Examining the effects of ALE 
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xRage Hydrodynamics Ð Sod 

Unlike basic Eulerian  schemes, xRage hydro converges at 1 st-order. 
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xRage Hydrodynamics Ð 1-D Sedov  

The unsplit  hydro scheme improves accuracy by a factor of two. 
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xRage Hydrodynamics Ð 2-D Sedov  

Both unsplit  hydro algorithms continue to perform extremely well. 
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xRage Hydrodynamics Ð 1-D Noh 

The asymptotic regime for the Noh problem is similar to that for Sedov. 

Lagrange 
+ Remap 

Direct 
Eulerian 
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xRage Hydrodynamics Ð 2-D Noh 

In Lagrange + Remap, the symmetric scatter reduces at higher resolutions. 

Lagrange 
+ Remap 

Direct 
Eulerian 
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Lagrange + Remap dramatically reduces grid imprinting. 

Lagrange 
+ Remap 

Direct 
Eulerian 
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Hydrodynamics 
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¥!xRage 
Ð!Establishing baseline convergence 
Ð!First steps with unsplit hydro 
Ð!Looking for asymmetries  
Ð!Improvements in grid imprinting 

¥!FLAG: Comparing code options 
Ð!Establishing baseline convergence 
Ð!Examining artificial viscosity models 
Ð!Examining the effects of ALE 
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FLAG Hydrodynamics Ð Riemann Tests ( Lagrangian ) 
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All Riemann shock tube results (except one) are accurate and convergent at first order 
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FLAG Hydrodynamics Ð Riemann Tests ( Lagrangian ) 
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All Riemann shock tube results (except one) are accurate and convergent at first order 
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FLAG Hydrodynamics Ð Sedov  (Lagrangian ) 

9/13/17   |   19 Los Alamos National Laboratory 

¥! Convergence studies in 1D, RZ, 3D 
¥! massec =2 must be used to get proper 

arrival time of wave 
¥! Significant variation in accuracy, 

symmetry, and run time for different 
artificial viscosity models (Barton, 
BBL, MARS, VNR) 

¥! Convergence is consistent (for those 
cases that run at finer grids) 

¥! Barton and VNR meshes tangle at 
higher resolutions (> 48 x 48) 

¥! Trends in 3D similar to 2D 

First (or nearly first) order convergence is consistent 

Barton BBL 

Flag RZ 
results 

Flag 3D 
results 
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FLAG Hydrodynamics Ð 2-D Sedov  (Lagrangian ) 
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Setups that run at resolutions of at least 96x96 appear to converge 

RZ convergence - density 
RZ Barton 

RZ BBL 

RZ MARS1 



NOTE: 
This is 
the lab 

color 
palette. 

Unclassified 

Unclassified 

FLAG Hydrodynamics Ð 3-D Sedov  (Lagrangian ) 

9/13/17   |   21 Los Alamos National Laboratory 

All setups appear to begin asymptotic convergence at the lowest resolution 

3D convergence - density 

3D Barton 

3D BBL 

3D MARS1 
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FLAG Hydrodynamics Ð 2-D Sedov  (ALE) 
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¥!ALE with Euler relaxer (full 
Eulerian  mode) 

¥!massec  has little effect when 
ALE is active 

¥!Four different sets of 
advection options: Default, 
and three different sets of 
recommended settings 

¥!Significant variation in results 
based on combination of 
artificial viscosity model and 
ALE advection settings 

Different viscosity models have different strengths & weaknesses. 

Barton BBL 

MARS1 MARS2 
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FLAG Hydrodynamics Ð 2-D Sedov  (ALE):  
Barton with various ALE settings 
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Results vary based on advection settings (code team recommendations 
yield better results than code defaults) 

Adv. 1 

Adv. 2 

Adv. 3 

Adv. 4 
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FLAG Hydrodynamics Ð 2-D Sedov  (ALE): 
BBL with various ALE settings 
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Results vary based on advection settings (code team recommendations 
yield better results than code defaults) 

Adv. 1 

Adv. 2 

Adv. 3 

Adv. 4 
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FLAG Hydrodynamics Ð 2-D Noh ( Lagrangian ) 
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¥!Convergence studies in 1D, RZ, 
3D 

¥!massec  setting has no effect on 
convergence of solution 

¥!Significant variation in results 
per artificial viscosity model 

¥!All methods (except Barton) 
converge as expected 
Ð!MARS methods are the most 

accurate 

Ð!VNR and BBL are the most 
symmetric 

Ð!Noh is a very difficult problem for 
edge-based viscosity model like 
Barton 

Sample of Noh RZ results  
(192 x 192 zones) 

VNR BBL 

MARS1 
MARS2 
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FLAG Hydrodynamics Ð 2D Noh ( Lagrangian ) 
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All methods but Barton perform well and converge as expected 

RZ convergence - density 
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FLAG Hydrodynamics Ð 3-D Noh ( Lagrangian ) 
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All methods but Barton and MARS2 perform well and converge as expected 

3D convergence - density 
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Materials (FLAG) 
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¥!Blake 
Ð!Problem description 
Ð!Test results & convergence rates 

¥!Hunter 
Ð!Problem description 
Ð!Problems with the description 
Ð!New results & convergence rates 
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Materials Ð Problem Description 
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1-D schematic for the spherically symmetric problem 

origin 

cavity material 

rcav 
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Materials Ð Blake Problem Description 

9/13/17   |   30 Los Alamos National Laboratory 

origin 

cavity 

rcav 

P 

undisturbed material 

rel 

!! " " ## $!!%$%&'(## 

r 

elastic 

¥!Blake J. Acoust . Soc. Am . 24, 211 (1952) 
¥!The Blake problem involves expansion into a linear elastic medium under 

constant pressure. 
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FLAG is clearly converging at 1/2-order? 
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Materials Ð Hunter Problem Description 

9/13/17   |   32 Los Alamos National Laboratory 

¥!Hunter Proc. Conf. Prop. Mat. High Rates of Strain, London 1957 , 147 
(1957) 

¥!The Hunter problem has an elastic-perfectly plastic response. 

origin 

cavity elastic 

rcav 

P(t) 

plastic undisturbed material 

rep rel 

vep 
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Materials Ð Hunter Results ( eTLTS Spec) 
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eTLTS standard yield strength  Discrepancy due to violating small strain 

Hunter (as specified in eTLTS) violates the small strain approximation. 
FLAG is doing the right thing, while the ÒexactÓ solution is not. 
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Materials Ð Hunter Results (Corrected Yield Stress) 
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Material parameters can be chosen to reduce the influence of physical 
modeling error, resulting in better agreement.  
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Heat Conduction (FLAG) 
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¥!Problem description 
¥!Exact solutions 
¥!Convergence rates 
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Heat Conduction Ð Planar Sandwich 
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Heat Conduction Ð Planar Sandwich 
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Heat Conduction Ð Planar Sandwich 
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Heat Conduction Ð Planar Sandwich 

9/13/17   |   39 Los Alamos National Laboratory 

¥!Arithmetic averaging (geometric 
averaging is very similar) 

¥!Thin mesh (static condensation 
is very similar) 

Simple averaging is 1 st-order (as expected for non-smooth problems), and 
convergence analysis is not reliable for AMR-like methods like thin mesh. 
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High Explosives 
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¥!EHEP (FLAG) 
Ð!Problem description 
Ð!Test results and convergence rates 

¥!Kenamond  (FLAG) 
¥!ZND (xRage) 

Ð!Problem description 
Ð!Test results and convergence rates 
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HE Ð Escape of High Explosive Products (FLAG) 
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The problem is convergent to a point, but high resolutions raise questions. 

¥!A 1D test problem for 
programmed burn and isentropic 
expansion into void  

¥!Density at final time converges at 
p=0.78 over a wide range of 
resolutions, diverges at very fine 
resolution 
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HE Ð Kenamond  Programmed Burn (FLAG) 
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¥!Set of three programmed burn 
table test problems documented by 
Kenamond  in 2011 

¥! Implemented in Flag in 2D and 3D 
in Verification Test Suite 

¥!Analytic solutions implemented in 
ExactPack  

¥!Analysis tools in ExactPack  to 
perform the multi-dimensional 
norm calculation are under 
development Flag 3D result 

ExactPack 3D 
analytic solution 
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HE Ð ZND (xRage) 

¥!Basic reactive flow problem 

¥!Preliminary implementation in 
Exactpack  using EOSlib  

¥!xRage input decks under development 

¥!Prior analysis available for SURF and 
SURFplus  (by R. Menikoff ): 
Ð!LA-UR-16-23636 
Ð!LA-UR-16-24352 
Ð!LA-UR-16-26317 
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Figure 3: Pressure proÞle for underdriven detonation wave in the Lab frame; state
ahead of the detonation at rest. Sequence of increasing times shown by color; black,
brown, violet, orange.
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Figure 4: Pressure proÞle for underdriven detonation wave in the frame in which
the detonation front is at rest. Sequence of increasing times; black, brown, violet,
orange.

12

Propagating ZND wave1 
 
 

1 Meniko! , Detonation Wave ProÞle , LA-UR-15-29498
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Radiation Hydrodynamics ( xRage) 
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¥!Problem descriptions 
¥!Exact solutions 
¥!Convergence rates 
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Rad Hydro Ð Radiative  Shocks  

9/13/17   |   45 Los Alamos National Laboratory 

¥!1D, planar, time-independent (shift-invariant) 
¥!Reduce rad-hydro PDEs to ODEs, 
   and integrate to obtain shock structure 
¥!Nonequilibrium -diffusion radiation 

Ð!Lowrie-Edwards, Shock Waves, 2008 

Ð!Including radiation can produce continuous shocks 
   (expect to see 2nd-order spatial convergence) 

Ð!Radiation does allow for discontinuous shocks 
   (expect to see 1st-order spatial convergence) 

Ð!Similar solutions shown in the standard textbooks 
   by ZelÕdovich & Raizer and Mihalas & Mihalas 

embedded 
hydro shock 
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In RAGE, cont. radiative  shocks are between 1 st- and 2nd-order convergent! 
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In RAGE, discont . radiative  shocks are appropriately 1 st-order convergent! 
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Both xRage and FLAG met or exceeded expectations for most of the 
verification tests we ran. 
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¥!xRage hydrodynamics 
Ð!Errors associated with contact discontinuities are much smaller than expected. 
Ð!Errors for the Unsplit hydro are half as large as those for existing methods for the 

problems tested. 
Ð!For the 2D Noh problem, Lagrange + Remap hydro does not exhibit the same level 

of grid imprinting as the Direct Eulerian algorithm does. 

¥!FLAG hydrodynamics 
Ð!There are many questions surrounding the use of standard, Eulerian-based 

verification methods with Lagrangian/ALE codes. 
Ð!FLAG converges as expected for Riemann problems, with some unexplained 

behavior around the slow-moving shock. 
Ð!An appropriate artificial viscosity model must be chosen based on the needs of the 

user; MARS is very accurate for Lagrangian computations, while BBL is very robust, 
symmetric, and performs well with ALE. 

Ð!Specific test problems (Noh, Sedov) are very challenging for edge-based viscosity 
methods (e.g. Barton). This trend does not persist when using ALE. 
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¥!FLAG materials 
Ð!Blake converges very clearly at 1/2 order, which indicates a potential research topic 

to analyze the growth of errors associated with linear waves. 
Ð!We recommend different parameters for the Hunter problem from those suggested in 

the Extended Tri-Lab Test Suite (eTLTS). The eTLTS parameters violate HunterÕs 
small-strain approximation. 

¥!FLAG heat conduction 
Ð!The rate of convergence depends on the particulars of the multi-material scheme. 

¥!High explosives 
Ð!FLAG simulation of EHEP shows unexpected behavior at fine resolutions. 

¥!xRage radiation hydrodynamics 
Ð!xRage converges at the expected rates for both smooth and discontinuous solutions. 
Ð!There is unexplained behavior at high resolutions. 
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